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A connected graph G is called double-critical if the chromatic number of G decreases by two 
if any two adjacent vertices of G are removed. L. Love.  conjectured that K, is the only 
double-critical graph with chromatic number k. This is almost rivial for k ~< 4 and the aim of 
this note is to prove this conjecture for k = 5. 
1. Introduction 
All graphs considered in this paper are finite, undirected and have neither 
loops nor multiple edges. Concepts and notation not defined in the paper will be 
used as in [3]. 
The set of vertices and the set of edges of a graph G are denoted by V(G) and 
E(G), respectively. An edge of G consists of an unordered pair of distinct 
vertices of G. For x e V(G), N(x" G) denotes the set of all vertices of G which 
are adjacent to x. Further, for e= {x,y} e E(G) put T(e 'G)=N(x 'G)N 
N(y:G). 
If G is a graph and X ~_ V(G), then G[X] denotes the subgraph of G induced 
by X, i.e., V(G[X])= X and E(G[X]) consists of all edges of E(G) having both 
their end vertices in X. Further, let G - X = G[V(G) - X]. If E(G[X]) = ~, then 
X is called an independent set of G; and if G[X] is isomorphic to Kk (the complete 
graph on k vertices), then X is called a k-clique of G. For an induced subgraph H
of G and a vertex x of G, let H + x denote the subgraph of G induced by 
V(H) u (x}. 
A k-colouring of G is a mapping c of V(G) into the set of integers 1, 2 , . . . ,  k 
such that c(x)4~c(y) for any two adjacent vertices x, y e V(G). The chromatic 
number x(G) of a non-empty graph G is the smallest integer k for which G 
admits a k-colouring. A graph G is called critical if x (H)< x(G) for every 
proper subgraph H of G. A graph G is called double-critical if G is connected and 
x(G - {x, y}) = x(G) - 2 for any two adjacent vertices x, y ~ V(G). 
It is easy to see that every double-critical graph is critical. The Kk is the only 
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known example of a double-critical graph with chromatic number k and Lov~sz 
[1] conjectured, as a special case of a more general conjecture, that there axe no 
other double-critical k-chromatic graphs. This is true for k ~< 4 but unsettled for 
k ~> 5. We shall prove 
Theorem 1. The only double-critical graph with chromatic number 5 is the 
complete graph on 5 vertices. 
More information about double-critical graphs can be found in [2]. 
2. Proof of Theorem 1 
Let G be an arbitrary double-critical graph with x (G)= 5. We shall prove in 
order the following three propositions from which Theorem 1 immediately 
follows. 
Proposition 2.1. For all edges e = {x, y} e E(G) and for all 3-colourings c of 
G - {x, y}, Ic(T(e : G))l = 3. This implies, in particular, IT(e : G)l 3 for all 
edges e ~ E(G). 
Proposition 2.2. G contains a 4-clique. 
Proposition 2.3. G - Ks. 
Proof of Proposition 2.1. Let e = {x, y} be an edge of G: then G-  {x, y} is 
3-colourable. Now let us consider an arbitrary 3-colouring c of G-  {x, y}. 
Clearly, c can be extended to a 5-colouring h of G by putting 
~ if z =x, 
h(z)= i fz  y, 
c(z) otherwise. 
From x(G) = 5 we conclude that for i = 1, 2, 3, 4, 5 there is a vertex of G, say zi, 
satisfying h(zi) = i and h(N(z~: G)) = {1, 2, 3, 4, 5} - {i}. Then we obtain 
{zx, z2, Zs) T(e :G)  and therefore, Ic(T(e:G)) l  = Ih(T(e:G)) l  = 3. [] 
Before proving Proposition 2.2 we need some definition. 
Let us call two colourings cl, c2 of a graph H equivalent if, for all x, y ~ V(H), 
c l (x)=cl(y)  iff c2(x)=c2(y). A graph H with x(H)~<3 is called uniquely 
3-colourable if any two 3-colourings of H are equivalent. 
Note that both K~ and/(2 are uniquely 3-colourable. A uniquely 3-colourable 
graph with >~3 vertices is 3-chromatic. 
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Proof of Proposition 2.2. Let 1-11, H2 , . . . ,  H, be a sequence of induced 
subgraphs of G satisfying 
(a) Hi is a uniquely 3-colourable graph with i vertices (i = 1 , . . . ,  r); 
(b) Hi is a subgraph of/-/~+1 (i = 1 , . . . ,  r - 1); and 
(c) There is no uniquely 3-colourable induced subgraph of G with r + 1 
vertices containing H, as a subgraph. 
Obviously, r I> 3 (see Proposition 2.1) and Hr 4: G. Now it is easy to see that 
there is an edge in H ,  say e = {x, y} ~.E(Hr), such that T(e:H~)~ V(Hi) for 
some i<r  where /-//c_H~- {x, y}. Since both /-// and H~ are uniquely 3- 
colourable, we obtain [c(T(e :Hr))[ ~< 1 for every 3-colouring c of G - {x, y} and 
therefore, because of Proposition 2.1, [T(e: G) - T(e :Hr)] 1> 2. Put X = V(G) - 
V(Hr) and let u, v e X be any two different vertices of T(e: G) - T(e :H,). From 
(c) and u, v ~ T(e : G)  - T (e  :H~) we conclude that both graphs Hr + u and Hr + v 
are 4-chromatic. Therefore, since G is double-critical and 5-chromatic, X -  {u} 
as well as X -  {v} are independent sets of G. But X cannot be an independent 
set of G, hence u and v are adjacent in G, i.e. {x, y, u, v} is a 4-clique of G. [] 
Proof of Proposition 2.3. Let X be a 4-clique of G and put Y = V(G) - X. Since 
G is double-critical and 5-chromatic, Y is an independent set of G. Now let y e Y 
be an arbitrary vertex. G being connected there is at least one edge in G, say e, 
joining y with a vertex from X. Because of Proposition 2.1, e is contained in at 
least three triangles of G, therefore N(y :G)= X. This means that X U {y} is a 
5-clique of G. It follows immediately that I YI - 1 and G ~ Ks. [] 
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